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ON RESIDUAL PROPERTIES OF PURE BRAID
GROUPS OF CLOSED SURFACES
VALERIJ G. BARDAKOV AND PAOLO BELLINGERI
Abstrat. We prove that pure braid groups of losed surfae are
almost-diret produts of residually torsion free nilpotent groups
and hene residually torsion free nilpotent. As a Corollary, we
prove also that braid groups on 2 strands of losed surfaes are
residually nilpotent.
1. Introdution
A group G is said to be residually torsion free nilpotent if for any
(non-trivial) element x ∈ G, there exists a homomorphism φ : G→ H
suh that H is torsion free nilpotent and φ(x) 6= 1.
Let A,C be two groups. If C ats on A by automorphisms, the semi-
diret produt A⋊C is said to be almost-diret if the ation of C on the
abelianization of A is trivial. An example of almost-diret produt of
free groups is given by Artin pure braid group Pn. Suh deomposition
implies that Pn is residually torsion-free nilpotent (see Setion 2).
The struture of almost-diret produt turns out to be also a powerful
tool also in the determination of algebras related to lower entral series
(see for instane [CCP℄) and more generally in the study of nite type
invariants. The deomposition of Pn as almost-diret produt of free
groups was used in [P℄ in order to onstrut an universal nite type
invariant for braids with integers oeients.
Let Σ be an oriented surfae and let Fn(Σ) = {(x1, . . . xn) ∈ Σ
n | xi 6=
xj for i 6= j}. The fundamental group of Fn(Σ) is alled pure braid
group on n strands of Σ and it is usually denoted by Pn(Σ). When Σ is
the disk D2 we obtain a group whih is isomorphi to Artin pure braid
group Pn.
The symmetri group Sn ats on Fn(Σ) by permutation of oordi-
nates and the fundamental group of the orbit spae Fn(Σ)/Sn is alled
braid group on n strands of Σ and it is denoted by Bn(Σ). For n = 1
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we have that P1(Σ) = B1(Σ) = pi1(Σ) and Bn(D
2) is isomorphi to
Artin braid group Bn.
When Σ is an oriented surfae of positive genus, Pn embeds nat-
urally into Pn(Σ). In [GP℄ González-Meneses and Paris proved that
the normal losure of the lassial pure braid group Pn in Pn(Σ) is an
almost-diret produt of (innitely generated) free groups. Adapting
the approah of Papadima, they onstruted a universal nite type
invariant for surfae braids.
At our knowledge, it is not known if pure braid groups of surfaes
(dierent from the disk) an be deomposed as almost-diret produts
of (residually) free groups (see for instane [B, GG℄ for more details
on this subjet). In [BGG℄ the rst author proved that pure braid
groups of the torus and of surfaes with boundary omponents are
residually torsion-free nilpotent by showing that they may be realised
as subgroups of the Torelli group of a surfae of higher genus (see also
the end of Setion 4).
In this paper we omplete the study of lower entral series and re-
lated residual properties of (pure) braid groups of surfaes begun in
[BGG℄, proving that pure braid groups of losed surfae are almost-
diret produts of residually torsion free nilpotent groups and hene
residually torsion free nilpotent (Theorem 6). As a Corollary, we prove
also that braid groups on 2 strands of losed surfaes are residually
nilpotent (Corollary 10).
The fat that a group is residually torsion-free nilpotent has several
onsequenes, notably that the group is bi-orderable [MR℄ and residu-
ally p-nite [Gr℄. Therefore it follows from Theorem 6 that pure braid
groups of losed oriented surfaes are bi-orderable and residually p-
nite; the rst result was earlier proved in [Go℄ and the seond is also
a onsequene of Theorem 1.2 in [Pa℄ (see Setion 4).
Aknowledgments. The researh of the rst author has been sup-
ported by the University of Nantes. The rst author would like to thank
the members of the Department of Mathematis of the University of
Nantes for their kind hospitality.
2. Residual properties, almost-diret produts and group
presentations for pure braid groups on losed surfaes
Let us begin with few denitions.
The lower entral series of a group G is the ltration Γ1(G) = G ⊇
Γ2(G) ⊇ . . ., where Γi(G) = [Γi−1(G), G]. The rational lower entral
series of G is the ltration D1(G) ⊇ D2(G) ⊇ . . . obtained setting
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D1(G) = G, and for i ≥ 2, dening Di(G) = { x ∈ G | x
n ∈ Γi(G) for
some n ∈ N \ {0} }.
Let FP be the family of groups having the group-theoreti property
P. A group G is said to be residually P if for any element x ∈ G \ 1,
there exists a homomorphism of G into some group in FP taking x in
a nontrivial element.
A group G is residually nilpotent if and only if
⋂
i≥1 Γi(G) = {1}.
On the other hand, a group G is residually torsion-free nilpotent if and
only if
⋂
i≥1Di(G) = {1}.
Proposition 1. ([BB, FR2℄) Let A,C be two groups suh that C ats
on A by automorphisms. If A ⋊ C is an almost-diret produt then
Γm(A⋊ C) = Γm(A)⋊ Γm(C) and Dm(A⋊ C) = Dm(A)⋊Dm(C).
Corollary 2. The almost-diret produt of two residually nilpotent
(torsion free) groups is residually nilpotent (torsion free).
The pure braid group Pn is an almost-diret produt of free groups
([FR1℄). Sine free groups are residually torsion-free nilpotent [F℄, it
follows from Corollary 2 that pure braid groups are residually torsion-
free nilpotent (see also [FR2℄).
3. Presentations for pure braid groups on surfaes
Let Σg be an oriented losed surfae of genus g. Let X = {x1, . . . , xn}
be a set of n distint points (puntures) in the interior of Σg. A pure
geometri braid on Σg based at X is a olletion (ψ1, . . . , ψn) of n
disjoint paths (alled strands) on Σg × [0, 1] whih run monotonially
with t ∈ [0, 1] and suh that ψi(0) = (xi, 0) and ψi(1) = (xi, 1). Two
pure braids are onsidered to be equivalent if they are isotopi relatively
to the base points. The usual produt of paths denes a group struture
on the equivalene lasses of braids. This group, whih is isomorphi
to Pn(Σg), does not depend on the hoie of X .
We reall a group presentation for pure braid groups of oriented
losed surfaes [B℄. In the following we set [a, b] = a−1b−1ab, ab = b−1ab
and
ba = bab−1 and we use the onvention that W =
∏n
i=m f(i) with
n < m implies that W = 1.
Theorem 3. ([B℄) Let g ≥ 1 and n ≥ 2. The group Pn(Σg) admits
the following presentation:
Generators: {Ai,j | 1 ≤ i ≤ 2g + n− 1, 2g + 1 ≤ j ≤ 2g + n, i < j}.
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Relations:
(PR1) A−1i,jAr,sAi,j = Ar,s if (i < j < r < s) or (r + 1 < i < j < s),
or (i = r + 1 < j < s for even r < 2g or r > 2g) ;
(PR2) A−1i,jAj,sAi,j = Ai,sAj,sA
−1
i,s if (i < j < s) ;
(PR3) A−1i,jAi,sAi,j = Ai,sAj,sAi,sA
−1
j,sA
−1
i,s if (i < j < s) ;
(PR4) A−1i,jAr,sAi,j = Ai,sAj,sA
−1
i,sA
−1
j,sAr,sAj,sAi,sA
−1
j,sA
−1
i,s
if (i+ 1 < r < j < s) or
(i+ 1 = r < j < s for odd r < 2g or r > 2g) ;
(ER1) A−1r+1,jAr,sAr+1,j = Ar,sAr+1,sA
−1
j,sA
−1
r+1,s
if j < s, r odd and r < 2g ;
(ER2) A−1r−1,jAr,sAr−1,j = Ar−1,sAj,sA
−1
r−1,sAr,sAj,sAr−1,sA
−1
j,sA
−1
r−1,s
if j < s, r even and r < 2g .
(TR) (
g∏
i=1
[A−12i−1,2g+k, A2i,2g+k])
−1 =
2g+k−1∏
l=2g+1
Al,2g+k
2g+n∏
j=2g+k+1
A2g+k,j
(k = 1, . . . , n) .
As a representative of the generator Ai,j, we may take a geometri
braid whose only non-trivial (non-vertial) strand is the (j−2g)th one.
In Figure 1, we illustrate the projetion of suh braids on the surfae Σg
(see also Figure 8 of [B℄). Some misprints in Relations (ER1) and (ER2)
of Theorem 5.1 of [B℄ have been orreted. Remark also that in [B℄ was
used the onvention [a, b] = aba−1b−1.
A
21
1 g
AA1,2g+1 2g, 2g+2 2g+2, 2g+n
n
Figure 1. Projetion of representatives of the genera-
tors Ai,j. We represent Ai,j by its only non-trivial strand.
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As remarked in the proof of Theorem 5.1 of [B℄, using above list
of relations we an write any element of type Ai,jAp,qA
−1
i,j for 2g +
1 ≤ j < q ≤ 2g + n as a word on the generators A1,q, . . . , Aq−1,q.
Therefore starting from the group presentation in Theorem 3, we an
obtain the following group presentation for Pn(Σg), where, in respet
to Theorem 3, we set A2r−1,2g+j=aj,r and A2r,2g+j = bj,r for r = 1, . . . , g
and j = 1, . . . , n and A2g+i,2g+j = τi,j for 1 ≤ i < j ≤ n.
Proposition 4. Let g ≥ 1 and n ≥ 2. The group Pn(Σg) admits the
following presentation:
Generators: {aj,k, bj,k, τp,q| 1 ≤ k ≤ g, 1 ≤ k ≤ n, 1 ≤ p < q ≤ n}.
Relations:
(I-a)
aj,kcl,m = cl,m for cl,m = al,m, bl,m if (m < k) ;
(I-b)
bj,kcl,m = cl,m for cl,m = al,m, bl,m if (m < k) ;
(I-τ1) τs,jcl,m = cl,m for cl,m = al,m, bl,m ;
(I-τ2) τp,jτs, l = τs, l ;
(II-a)
aj,kal,k = a
τj, l
l,k ;
(II-b)
bj,kbl,k = b
τj, l
l,k ;
(II-τ) τs,jτs, l = τ
τj, l
s, l ;
(III-a1)
aj,kcl,m =
[τj, l,al,k]cl,m for cl,m = al,m, bl,mif (k < m) ;
(III-a2)
aj,kτs, l =
[τj, l,al,k]τs, l;
(III-b1)
bj,kcl,m =
[τj, l,bl,k]cl,m for cl,m = al,m, bl,mif (k < m) ;
(III-b2)
bj,kτs, l =
[τj, l,bl,k]τs, l;
(III-τ) τs,jτp, l =
[τj, l,τs, l]τp, l ;
(IV-a)
aj,kτr, l = τr, l;
(IV-b)
bj,kτr, l = τr, l;
(IV-τ) τp,jτr, l = τr, l;
(V-a)
aj,kτj, l = [τj, l, al,k]τj, l;
(V-b)
bj,kτj, l = [τj, l, bl,k]τj, l;
(V-τ) τs,jτj, l = [τj, l, τs, l]τj, l;
(ER1)
aj,kbl,k = τ
−1
j, l bl,k[al,k, τj, l];
(ER2)
bj,kal,k = al,kτj, l;
(TR)
g∏
i=1
[a−1l,i , bl,i] = (
l−1∏
w=1
τw, l
n∏
d=l+1
τl,d)
−1;
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where 1 ≤ m, k ≤ g and 1 ≤ s < p < j < r < l < q ≤ n (with s, p, q, r
and l possibly absent).
Remark also that Proposition 4 an be proven diretly. In fat draw-
ing orresponding braids, one an verify that above relations hold in
Pn(Σg). To prove that they form a omplete set of relations it is su-
ient to repeat the arguments in the proof of Theorem 5.1 of [B℄.
4. The struture of pure braid groups of losed surfaes
Let p : Pn(Σg) → pi1(Σg) be the map whih forgets all strands exept
the rst one. This map is indued from the forgetting map at the
level of orresponding onguration spaes and ker p is isomorphi to
Pn−1(Σg,1), the pure braid group on n−1 strands of the oriented surfae
Σg,1 of genus g with one boundary omponent (see for instane [GG℄).
In the following we provide an algebrai setion s for p : Pn(Σg) →
pi1(Σg), where Pn(Σg) has the presentation given in Proposition 4 and
we show that s indues a struture of almost-diret produt on Pn(Σg).
In Theorem 1 of [GG℄ it was shown that p admits a geometri setion
(i.e. indued from a setion on the geometri level of orresponding
onguration spaes). In [GG℄ it was also given an algebrai denition
of suh setion using another group presentation for Pn(Σg) (provided
in Corollary 8 of [GG℄).
Before stating the main result of the paper we need a preliminary
Lemma. In the following, we will set Tl, q =
∏q
d=l+1 τl, d for 1 ≤ l < q ≤
n.
Lemma 5. The following identities:
(
∏q
d=l cd,k)Tl, q = Tl, q(
∏q
d=l cd,k) for cd,k = ad,k, bd,k ;(1)
bl,k(
∏q
d=l+1 ad,k) = (
∏q
d=l+1 ad,k)Tl, q ,(2)
hold in Pn(Σg) for 1 ≤ l < q ≤ n and 1 ≤ k ≤ g.
Proof. We provide an algebraial veriation of these identities that
an be also veried drawing orresponding braids.
We prove the rst identity, in the ase of cd,k = ad,k (the ase of
cd,k = bd,k is analogous). First we remark that for 1 ≤ i < l < j ≤ n
and 1 ≤ k ≤ g,
al,kτi, lτi, jτ
−1
i, l a
−1
l,k = al,kτ
−1
l, j τi, jτl, ja
−1
l,k = τ
−1
l, j τi, jτl, j ,
respetively beause of relation II-τ , relation III-a2 and relation V-a.
Therefore applying one more relation II-τ we obtain that
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(A) (τ−1i, l al,kτi, l)τi, j(τ
−1
i, l a
−1
l,k τi, l) = τ
−1
i, l τ
−1
l, j τi, jτl, jτi, l = τi, j
holds in Pn(Σg) for 1 ≤ i < l < j ≤ n and 1 ≤ k ≤ g. Now we laim
that for 1 ≤ l < q ≤ n and 1 ≤ k ≤ g,
(B) (
q∏
d=l
ad,k)τl, q = τl, q(
q∏
d=l
ad,k) .
In fat,
(
q∏
d=l
ad,k)τl, q(
q∏
d=l
ad,k)
−1 = (
q−1∏
d=l+1
al,kad,k) ·
al,k(aq,kτl, qa
−1
q,k) · (
q−1∏
d=l+1
al,kad,k)
−1 =
and by relation II-a,
= (
q−1∏
d=l+1
a
τl,d
d,k ) ·
al,k(aq,kτl, qa
−1
q,k) · (
q−1∏
d=l+1
a
τl,d
d,k )
−1 =
and therefore applying relations II-a and V-a,
= (
q−1∏
d=l+1
a
τl,d
d,k )(τl, q)(
q−1∏
d=l+1
a
τl,d
d,k )
−1 .
Applying identity (A) we obtain that (τ−1l,d ad,kτl,d)τl, q(τ
−1
l,d a
−1
d,kτl,d) =
τl, q for l + 1 ≤ d < q ≤ n and therefore
(
q−1∏
d=l+1
a
τl,d
d,k )(τl, q)(
q−1∏
d=l+1
a
τl,d
d,k )
−1 = τl, q
and the identity (B) is proved. Thus, beause of relation I-τ1 the
following identity holds:
(
q∏
d=l
ad,k)Tl, q = al,kal+1,kτl,l+1al+2,kτl,l+2 · · · aq,kτl,q
Hene applying relation (B) reursively we obtain that
(
q∏
d=l
ad,k)Tl, q =
q∏
d=l+1
τl, d
q∏
d=l
ad,k = Tl, q(
q∏
d=l
ad,k) .
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The seond identity is easier to verify. From relations ER2 and I-τ1
in Proposition 4 one obtains the following identities:
bl,k (
q∏
d=l+1
ad,k) =
q∏
d=l+1
(ad,kτl,d) = al+1,q(
q−1∏
d=l+1
(τl,dad+1,k))τl,q =
= · · · =
q∏
d=l+1
(ad,k)Tl,q .

Let 〈c1, d1, . . . , cg, dg |
∏g
i=1[c
−1
i , di] = 1〉 be a group presentation for
pi1(Σg); the morphism p : Pn(Σg)→ pi1(Σg) an be dened algebraially
as follows: p(a1,k) = ck and p(b1,k) = dk for 1 ≤ k ≤ g and p(aj,k) =
p(bj,k) = τp,q = 1 elsewhere.
Theorem 6. The exat sequene
1→ Pn−1(Σg,1) → Pn(Σg) → pi1(Σg) → 1(3)
splits and Pn(Σg) ≃ Pn−1(Σg,1) ⋊ pi1(Σg) is almost-diret produt of
Pn−1(Σg,1) and pi1(Σg).
Proof. Let us dene a set-setion s : pi1(Σg) → Pn(Σg) as follows:
s(ck) = T1,na1,kT
−1
1,n and s(dk) = T1,nb1,kT
−1
1,n for 1 ≤ k < g, s(cg) =∏n
d=1 ad,gT1, n and s(dg) = b1,g. In order to prove that s is a well-dened
morphism it sues to prove that
g∏
i=1
[s(ci)
−1, s(di)] = s(
g∏
i=1
[c−1i , di]) = 1 .
From Lemma 5 and relation TR in Proposition 4 one dedues the
following identities:
g∏
i=1
[s(c−1i ), s(di)] = T1,n
g−1∏
i=1
[a−11,i , b1,i]T
−1
1,n
n∏
d=1
ad,gT1, nb
−1
1, g(
n∏
d=1
ad,gT1, n)
−1b1, g =
= T1,n
g−1∏
i=1
[a−11,i , b1,i]
n∏
d=1
ad,gb
−1
1,g(
n∏
d=1
ad,gT1, n)
−1b1,g = T1,n
g−1∏
i=1
[a1,i, b
−1
1,i ]×
×a1,gb
−1
1,g ·
b1,g(
n∏
d=2
ad,g) · (
n∏
d=2
ad,gT1, n)
−1a−11,gb1,g = T1,n
g∏
i=1
[a−11,i , b1,i] = 1
and therefore s : pi1(Σg) → Pn(Σg) is a well-dened morphism and (3)
splits.
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Now, remark that from relation ER2 we dedue the following iden-
tities:
τw, l = [al,g, b
−1
w,g] for 1 ≤ w < l ≤ n ;
τl,d = [ad,g, b
−1
l,g ] for 1 ≤ l < d ≤ n .
Therefore, from relations TR and ER2 in Proposition 4 we obtain
that the following relation
τ−11, l =
l−1∏
w=2
τw, l
n∏
d=l+1
τl,d
g∏
i=1
[a−1l,i , bl,i] =
=
l−1∏
w=2
[al,g, b
−1
w,g]
n∏
d=l+1
[ad,g, b
−1
l,g ]
g∏
i=1
[a−1l,i , bl,i]
holds in Pn(Σg) for 2 ≤ l ≤ n and then τ1, l ∈ Γ2(ker p) for l = 2, . . . , n.
Fixing j = 1, relations in Proposition 4 provide the ation by onju-
gay of a1,k, b1,k for 1 ≤ k ≤ g on the set A = {aj,k, bj,k, τp,q | 1 ≤ k ≤ g,
2 ≤ j ≤ n and 1 ≤ p < q ≤ n} and using the fat that τ1, l ∈ Γ2(ker p)
for l = 2, . . . , n one an easily hek that
a1,kh ≡ h mod Γ2(ker p)
and
b1,kh ≡ h mod Γ2(ker p)
for 1 ≤ k ≤ g and h ∈ A.
Hene the ation of pi1(Σg) on the abelianisation of ker p is trivial.
In fat, let h ∈ A. It follows from previous ongruenes that
s(ck)h = T1,na1,kT
−1
1,nh ≡ h mod Γ2(ker p)
and
s(dk)h = T1,nb1,kT
−1
1,nh ≡ h mod Γ2(ker p) ,
for 1 ≤ k ≤ g−1 and h ∈ A. On the other hand sine also
∏n
d=2 ad,g ∈
ker p, one derives that
s(cg)h =
Qn
d=1 ad,gT1, nh ≡ a1,gh ≡ h mod Γ2(ker p) .
Finally s(dg) = b1,g and therefore
s(dg)h ≡ h modΓ2(ker p) .
Sine A is a omplete set of generators for ker p, the ation of pi1(Σg)
is trivial on the abelianisation of ker p. 
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Corollary 7. The group Pn(Σg) is residually torsion free nilpotent for
n ≥ 1 and g > 0.
Proof. The group P1(Σg) is isomorphi to pi1(Σg) whih is residually
free and therefore residually torsion free nilpotent. In the ase n > 1
the laim is a straightforward onsequene of Corollary 2, Theorem 6
and the fat that Pn−1(Σg,1) is residually torsion free nilpotent for n ≥ 1
and g, p > 0 [BGG℄. 
We remark that was already proven in [BGG℄ that Pn(T
2) is resid-
ually torsion free nilpotent and that Pn(S
2) is residually nilpotent but
not residually torsion free nilpotent. The group Pn(Σg) was proven to
be bi-orderable in [Go℄.
We reall that residual torsion free nilpotene implies the residual
p-niteness. We reall that the Torelli group T (Σg) of the surfae Σg is
dened as the kernel of the natural ation of the mapping lass group
of Σg on H1(Σg). Let P a set of n distint point on Σg. Aording
to [Pa℄, let Tp(Σg,P) be the kernel of the ation of the n-th puntured
mapping lass group of Σg on H1(Σ,Fp). The group Tp(Σg,P) is resid-
ually p-nite [Pa℄. Sine Pn(Σg) an be easily realised as subgroups
of Tp(Σg,P), one derives another proof of the residually p-niteness of
Pn(Σg).
Finally, let us remark that Theorem 6 ould be proved using the
group presentation of Pn(Σg) and the algebrai setion proposed in [GG℄,
but related omputations would beome muh more involved.
5. Braid groups on 2 strands
Let us reall a well known on the braid group Bn.
Proposition 8. Let Bn be the Artin braid group on n ≥ 3 strands.
Then Γ1(Bn)/Γ2(Bn) ∼= Z and Γ2(Bn) = Γ3(Bn).
A similar result holds for Artin-Tits group of nite type [BGG℄.
Now, let Σg be a losed oriented surfae of genus g > 0 and letBn(Σg)
be the braid group on n strands of Σg. The main result has been to
determine all lower entral quotients of surfae braid groups on at least
3 strands. In partiular, it was proven that Γ2(Bn(Σg))/Γ3(Bn(Σg)) ≃
Zn−1+g and that Γ3(Bn(Σg)) = Γ4(Bn(Σg)) for n ≥ 3.
Sine for n = 1 we have that B1(Σ) = pi1(Σ), whih is residually
free, in order to omplete the study of lower entral series of braid
groups of losed surfaes we need to onsider the ase of 2 strands. In
the ase of the torus T2, in [BGG℄ was proved that B2(T
2) is residually
nilpotent using essentially the fat that this group is a entral extension
of Z2 ∗ Z2 ∗ Z2.
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Atually the residually nilpotene of B2(Σg), for any g > 0, is a
onsequene of Theorem 6 and of the following result of Gruenberg.
As above we set FP the lass of groups having the group-theoreti
property P.
Lemma 9. ([Gr℄) Let FP be one of following lasses:
(i) the lass of solvable groups;
(ii) the lass of nite groups;
(iii) the lass of p-nite groups for a given prime number p.
Let P ∈ FP and suppose that H is residually P. Then for eah exten-
sion 1→ H → G→ P → 1, the group G is residually P.
Corollary 10. The group B2(Σg) is residually 2-nite. In partiular
B2(Σg) is residually nilpotent.
Proof. Let Sn the symmetri group on n elements. We reall that
Pn(Σg) an be realized as the kernel of the anonial projetion pi :
Bn(Σg) → Sn. Sine S2 = Z2 and P2(Σg) is residually torsion free, the
hypothesis of Lemma 9 are fullled and the laim follows. 
We reall that pure braid groups of surfaes with non empty bound-
ary are residually torsion free nilpotent: then, from Lemma 9 it follows
that also braid groups on 2 strands of surfaes with non empty bound-
ary are residually 2-nite.
Therefore, for any oriented and onneted surfae Σ of positive genus,
B2(Σ) is residually nilpotent. In [BGG℄ was also proved that B2(T
2)
is not residually torsion free nilpotent neither bi-orderable. We don't
know if B2(Σ) is bi-orderable when Σ is an oriented and onneted
surfae of positive genus dierent from T2.
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